APPLICATION OF THE IMPROVED INTEGRAL METHOD OF LINES
TO BOUNDARY-VALUE PROBLEMS IN HEAT CONDUCTION
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We discuss a generalization of the improved integral method of lines for the
solution of the heat equation with boundary conditions of the second and third
kinds.

An improved integral method of lines was given in [1] for the solution of the heat
equation with boundary conditions of the first kind [2]. The improvement over the original
method was obtained by integrating the heat -equation along only part of partitioning interval
with a certain weighting coefficient o, rather than along the entire interval. An additional
algebraic equation was derived for this coefficient and the accuracy of the approximate solu-
tion was increased by this device by no less than two orders of magnitude; in certain cases
the approximate solution coincides with the exact solution of the problem. When o = 0 this
method is completely equivalent to the spline method of [3], while for a? = 0.5 it reduces
to the improved method of lines [4], and for o = 1 it reduces to the integral method of lines

[51.

We extend the improved integral method of lines to the case of the heat equation with
boundary conditions of the second and third kinds. The high intrinsic accuracy of this method
allows one to reduce significantly the number of partitions. It is shown that for certain
examples the approximate solution reduces to the exact one when the interval is partitioned
into two arbitrary unequal parts.

Let it be required to find the solution of the heat equation subject to boundary condi-
tions of the third kind:

Ui=aUyp +f(x, 1) O<x<]1, £>0), (1)
U, =9y (0<x<1), (2)
[ﬁlux + 'VIU]x=0 = ¢1 (t)’ {ﬁzUx + YeU]xsl = \Pz (t)- (3)

An approximate solution of the problem will be sought in the form of a polynomial

U, Ha P, 5, )= éA?(x-xk)i, (4)

=0
constructed on the uniform intervals
Ap=08=1/N +1).

For simplicity we put a = 1, Following the improved integral method of lines [1] we inte-
grate (1) on the interval [xy — ay§, xy + ord] using the approximate solution (4), where

ax is a weighting coefficient. We thereby obtain a system of N linear ordinary differential
equations for A,  and Azkh

1 Xy +00,,8

1 (5)
508 F(x, tydx.

. 1 ;
A6+ —ouBiAs =247 +
3 x)~0p8
In order to solve this system of equations we rewrite the initial and boundary condi-
tions in the form

P (%, 0) = U (xz, 0), - (6)
B1Px (0, %1, O + P 0, xpp ) =9, (@), BoP (1, xn, &) + V2P (1, x5, ) = Py (2). (7)
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Equations (6) and (7) must be supplemented by the continuity condition on the temperature on
the boundaries of the intervals

P(xp 98, xp, 1) =P (Xrx1, Xnz1, L) (8)

Substitution of the approximate solution (4) into (7) and (8) leads to the following
matrix equation of order 2N for Alk and Azk.

By=1Z, (9)
where

=[Allr Aé) ve vy Aiv! AQ’]T’ Z=[‘p1-A6: A(2)"—'Aé: ey ‘Pz"‘-A{)V]T- (10)
Solving (9), we find expressions for A;¥ and A,k in terms of AKX, v, and ¥,, We pre-

sent the recursion relations for the Azk, since the Alk do not appear in (5):

— 40— A By —21.8) + BB —vb)

Aé = F)
8% (31 — 2v.9)
AY — AV B+ a8 — A0 (B + 2v0) + WS (11)
2= 6% (3, -+ 27.0)

Ab = (AT — 24k + ARYY)28°, k=2, N—1.

With the help of (11), Eq. (5) can then be transformed to a matrix equation of order N:
Ay=CA¢ + DY + E¥ + @f, (12)
where C, D, E, and & are variable matrices in t.

An analytical solution of (12) and (6) is written as

3
A=At 0o+ (At 0) A1 (r, 0)(DY + E + Pf)dv. (13)

0

It remains to find the weighting coefficient ap. As in [1], we require that the approxi-
mate solution (4) satisfy Eq. (1) at t = 0 and x = xi (where the initial condition U(xy, 0) =
¢(xx) is taken into account):

CAB(0) = ey (%) + F (2, 0), k=T, N. (14)

Substituting A.% from (14) into (12) at t = 0, we obtain the following equation for
the coefficient oy:

Co+ Db + Ep + Of = @p + [ (15)

We find ay from (15) and then substitute into (13). Finally we thereby obtain the improved
approximate solution at the points xy.

When y; = y, = 0 the problem involves boundary conditions of the second kind. The
reasoning in this case is similar to that given above.

The high intrinsic accuracy of the improved integral method of lines means that we can
partition the entire interval up into a small number of parts. We show this for the case of
boundary conditions of the second kind. A single partition point is used, which divides the
whole interval into two equal or unequal parts.

Suppose it is required to find the time dependence of the temperature at a certain point
Xk = A. Using (4) we integrate (1) with respect to x on the interval [A — aA, A + a(l — A)].
As a result we obtain a linear ordinary differential equation for the coefficients A;, A,, and
Ag:
’ rq Atad—a)
Ao+ 24 (1—28) + ——(1 —3A+ 30 Ay =24t — [ f(x Ddx. (16)

A—cA

For simplicity we put f(x, t) = 0. Using (6) and (7) with vy, = y, = 0 we find the coeffi-
cients A; and A, in terms of A, and y:
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Ay = ,f (1 —A) + B1waA)/BiBas Az = (Yafy — V1f2)/2B:Bo. (17)

Substituting (17) into (16) we obtain a first-order differential equation for Ag:
Ao =L(¥ss bor Brr Bay @ A). (18)

An analytical solution for (18) has theform

t

Ay = 4,(0) + | Ldv. (19)

0
In order to determine o we use (14) and (18) at t = 0. After substituting o into (19),
we find an improved approximate solution at the point A.

The discussion is analogous for the determination of the temperature at the point A
when boundary conditions of the third kind are specified.

In certain cases the method gives the exact solution of the problem. For example, this
occurs in the solution of the following boundary-value problem for a single point A:
Uy =U,,, U(x, 0)=sinox,
U, (0, 1) = wexp (— ), U(l, t) = wcoswoexp(— ')
Here the approximate solution reduces to the exact solution, which can be represented in the
form:
U = exp(— o*)sinwA.

When boundary conditions of the third kind are specified, we have for the same point A:

Ui =Ug, U(x, 0)=sinwx,

Uz + Ulymo = 00 exp (— ©%), [Uy - Ulim) = (0 cos 6 + sin o) exp (— o),

and here the solution also coincides with the exact solution and has the form:
U = exp (— 0*)sinwA.
NOTATION

X, linear coordinate; t, time; a, thermal diffusivity; f£(x, t), heat source; U, tempera-
ture; Ay, position of the nodal - point along the X axis; N, number of partitions along the X
axis; Bi1s Yis Bas Yas given functions of time; A(t, 0), fundamental solution matrix of the
linear homogeneous system of differential equations.
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